The fermionic topological charge of lattice gauge fields, given in terms of a spectral flow of the Hermitian Wilson-Dirac operator, or equivalently, as the index of Neuberger's lattice Dirac operator, is shown to have analogous properties to Lüscher's geometrical lattice topological charge. The main new result is that it reduces to the continuum topological charge in the classical continuum limit. (This is sketched here; the full proof will be given in a sequel to this paper.) A potential application of the ideas behind fermionic lattice topological charge to deriving a combinatorial construction of the signature invariant of a 4-manifold is also discussed.
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I. Background
In the continuum, a smooth SU(2) gauge field A(x) = A a µ (x)T a dx µ on the Euclidean hyper-torus T 4 is from a mathematical point of view a connection 1-form on a principal SU(2) bundle P over T 4 . The bundle is characterised (up to topological equivalence) by an integer Q P and this number can be recovered from the gauge field:
where
[A, A] is the curvature of A. Thus the topological structure of P is encoded in the gauge field A. It is also encoded in the space of zero-modes of the Dirac operator % % ∂ A = γ µ (∂ µ + A µ ): the Atiyah-Singer index theorem [1] gives index( % % ∂ A ) ≡ Tr(γ 5 ker % %
The space of all SU(2) gauge fields on T 4 is a disjoint union of components (topological sectors) labelled by Q ∈ Z. is so that unitary matrices have norm 1). For the non-exceptional fields the bundle P is uniquely determined so Q geo (U) = Q P is well-defined. Furthermore, the topological structure of P is unchanged under continuous deformation of U provided that no exceptional fields are encountered [2] . Thus after excising the exceptional fields the space of lattice gauge fields acquires a non-trivial topological structure, decomposing into disjoint topological sectors which are again labelled by Q ∈ Z. In the continuum Q can take any value in Z , but in the lattice setting Q can only take values in a finite subset of Z depending on how fine the lattice is [3, 4] . When U is the lattice transcript of a smooth continuum field A (and U is non-exceptional) the bundle P U specified by U need not coincide with the bundle P A specified by A in general. However, Lüscher showed that P U and P A do coincide when the lattice is sufficiently fine: he showed that Q geo (U) → Q(A) in the classical continuum limit a → 0 [2] . The topology of lattice gauge fields was further elucidated by A. Phillips and D. Stone in [3, 4] where Q geo (U) was also generalised to the case of SU(N) gauge fields.
In light of the Index Theorem (2) in the continuum, it is natural to ask if there is a lattice Dirac operator D such that
Such a lattice version of the Index Theorem would certainly be mathematically interesting. It would also be of physical relevance: 't Hooft's solution of the U(1) problem [5] uses in a crucial way the connection between the topological structure of A and zero-modes of % % ∂ A implied by the Index Theorem (2). Also, an alternative "fermionic" description of Q geo (U) as the index of a lattice Dirac operator could be practically useful for numerical work, seeing as the expression for Q geo (U) is quite complicated and time-consuming to implement numerically. Traditional lattice Dirac operators are a bit problematic in this context. To avoid doubler zero-modes, operators such as the Wilson-Dirac operator [6] include a chiral symmetry-breaking term; this results in the nullspace ker D not being invariant under γ 5 so the zero-modes do not have definite chirality and index D is not defined. Nevertheless, a lattice version of the index can still be defined from the eigenvectors of the Wilson-Dirac operator D
W ilson U
with low-lying real eigenvalues [7] . Essentially the same lattice index is obtained [8] as minus the spectral flow of the Hermitian Wilson-Dirac operator .) This "fermionic" definition of the topological charge of a lattice gauge field, which we denote by Q f (U) , can be made more precise by defining Q f (U) to be minus the spectral flow of H U (m) as m varies from 0 to 1; this is justified by the fact [8] that for "sufficiently smooth" lattice gauge fields the real eigenvalues of D , m = 0, 2, 4, 6, 8 (an analytic explanation of this was recently sketched in [9] ). Note that Q f (U) has properties analogous to those of Q geo (U) discussed above: It is defined for all U except those for which H U (1) has a zero-mode; these are exceptional in the sense that they form a lower-dimensional manifold in the space of lattice gauge fields. It is clear from the definition in terms of spectral flow that Q f (U) is constant under continuous variations of U provided that no exceptional fields are encountered. Thus Q f (U) determines a topological structure in the space of † The notation in [8] is different; instead of m they have a different parameter K. ‡ In the continuum, taking the γ-matrices to be hermitian so % % ∂ A is anti-hermitian, crossings of the origin by eigenvalues of the hermitian operator H A (m) = γ 5 ( % % ∂ A − m) only happen at m = 0 and the spectral flow from these is − index( % % ∂ A ).
lattice gauge fields in the same way as Q geo (U) . The exceptional fields for Q f (U) can be excluded by imposing a condition on the plaquette variables [10, 11] :
Note the similarity with (3). (Neither (3) nor (6) are optimal.) Q f (U) has subsequently appeared in other guises, as the overlap topological charge in [12] and more recently as the index of a new lattice Dirac operator: Neuberger's Overlap-Dirac operator [13] , given by
where 
is well-defined, as was first noted in [16] . A formula for the index gives [16, 17, 18] index
where the last equality follows from the facts that Tr
is the spectral asymmetry of H U (m) at m = 1 and H U (m) has symmetric spectrum for m < 0 [12, 19] . The fermionic lattice topological charge, in its various guises, has been an ongoing subject of study since the original works [7, 8, 20] in the mid 1980's; for a selection of recent works see, e.g., [21, 19, 22, 23, 24] . The emphasis has tended to be on numerical investigations though, and there are a number of interesting questions which have been partially answered by numerically studies but which currently lack a complete analytical resolution. Perhaps the most fundamental of these is the question of whether Q f and Q geo are equal (at least under suitable conditions on the lattice gauge field, such as (3), (6)). § This is equivalent to the question of whether the Lattice Index Theorem (4) holds with D U being the Overlap-Dirac operator (7) . Another basic question is whether Q f (U) reduces to the continuum topological charge Q(A) (= index( % % ∂ A ) ) in the classical continuum limit. (This is a necessary condition for equality between Q f and Q geo since, as discussed above, Q geo (U) → Q(A) in this limit [2] .) This has sometimes been taken for granted in the literature; e.g. in [8] it is claimed (without proof) that the eigenvectors of D W ilson U with low-lying real eigenvalues will "reduce to" the zero-modes of % % ∂ A in the classical continuum limit. To give a precise mathematical formulation and proof of this statement is not so easy though. From a mathematical point of view, showing Q f (U) → Q(A) in the classical continuum limit is a long-standing open problem, and the main purpose of this article is to announce and sketch a proof of this:
Theorem. For SU(N) gauge fields on the Euclidean 4-torus,
where D U is the Overlap-Dirac operator (7) above. This is the fermionic analogue of Lüscher's result Q geo (U) → Q(A). The deeper question of whether Q f and Q geo are equal (at least when U(p) satisfies a bound of the form (3), (6)) is a challenging mathematical problem which we will not attempt here.
II. Classical continuum limit of the fermionic lattice topological charge
The proof of the theorem above, which we sketch in the following, grew out of suggestions by Martin Lüscher [26] . The full details will be given in a forthcoming paper [27] . (An alternative argument for a restricted class of topologically non-trivial fields in a slightly different setting ¶ was previously given in [28, v4] .) The general idea is to start with the last equality in (8),
carry out a certain power series expansion of the inverse square root, and then evaluate the trace in an explicit basis for the spinor fields. But we do this in a slightly indirect way: First, we use the locality result of [10] for the Overlap-Dirac operator to derive a relation
is the fermionic topological charge in a setting in which an infinite volume limit p → ∞ can be taken.
and the latter quantity is easier to evaluate because the sum resulting from the trace in (9) becomes a tractable integral in the p → ∞ limit.
II-1. Preliminaries
The 4-torus
L]/ ∼ (where ∼ means identify endpoints). Then a continuum SU(2) gauge field A µ (x) on T 4 can be viewed as ¶ which can be reduced to the present setting [26] a gauge field on R 4 satisfying
where Ω(x, ν) , ν = 1, 2, 3, 4 , are the SU(2)-valued monodromy fields which specify the principal SU(2) bundle over T 4 . Now put a hyper-cubic lattice on T 4 with 2N sites along each edge, so the lattice spacing is a = L/2N. This extends to a hyper-cubic lattice on R 4 with sites aZ 4 . The lattice transcript of A ,
(T=t-ordering and for simplicity the coupling constant has been set to unity) satisfies
The finite-dimensional complex vector-space C of lattice spinor fields on T 4 consists of the spinor fields ψ(x) , x ∈ aZ 4 , satisfying
The covariant finite difference operators
preserve (13) and are therefore well-defined on C , as is the Wilson-Dirac operator, given by * *
is the naive lattice Dirac operator (the γ µ 's are taken to be hermitian so % % ∇ is anti-hermitian),
) is well-defined on C , and so is the Overlap-Dirac operator These also satisfy a cocycle condition which ensures that A µ (x + Le ν + Le ρ ) is unambiguous. It is always possible to make a gauge transformation so that Ω(x, ν) = 1 for ν = 1, 2, 3 and Ω(x, 4) is periodic in x 1 , x 2 , x 3 . Then for fixed x 4 Ω(x, 4) determines a map T 3 → SU(2). The degree of this map (which is independent of x 4 since Ω(x, 4) depends smoothly on x 4 ) is precisely the integer Q P specifying the SU(2) bundle P over T 4 , and is therefore also the topological charge Q(A) = Q P of A. * * For simplicity we have taken the Wilson parameter to be r = 1.
provided that H U has no zero-modes. H U is guaranteed not to have zero-modes when a is sufficiently small. Indeed, 1 − U(p x,µ,ν ) = −a 2 F µν (x) + O(a 3 ) vanishes uniformly for a → 0 , implying that (6) is satisfied for sufficiently small a , which in turn implies that [10, 11] 
(This holds, e.g., with b = 0.1 but we will not need the explicit value in the following.) We henceforth assume a to be small enough that (6) -and thereby (17) -holds.
II-2. Passing to a setting with an infinite volume limit
and the summation is over
Now, for arbitrary whole number p , set
and define C p to be the space of lattice spinor fields ψ(x) , x ∈ aZ 4 , satisfying
Note that (13) implies (22), so C is contained in C p for all p. Note also that the covariant finite difference operators (14)- (15) preserve (22) and are therefore well-defined operators on C p ; it follows that the Overlap-Dirac operator is well-defined as an operator on C p . We denote the Overlap-Dirac operator on C p by D 
From this it is straightforward to derive [27] , using (13) , that for p ≥ 1 the norm of
has a bound
The locality result in [10] now gives
where c 1 and c 2 > 0 are constants independent of a, p and U. It follows that
Set
then substituting (25) in (19) and taking account of (28) we see that the norm of
has a bound of the form
where O(e −c/a ) is independent of U and p. It follows that
The infinite volume limit p → ∞ in these expressions will facilitate their evaluation, as we will see in the following subsection.
II-3. Evaluation of the classical continuum limit
We now exploit the locality of the Overlap-Dirac operator in the gauge field [10] to replace A µ (x), or rather, its lattice transcript U µ (x), in (32) on the space C 2p+1 of lattice spinor fields satisfying the periodicity condition ψ(x+(2p+1)Le ν ) = ψ(x) , ν = 1, 2, 3, 4. A version of the locality result of [10] leads to [27] 
wherec > 0 is a constant and
There are several reasons for making the replacement A → A , U → U . (i) The rigorous justification in [27] of the steps that follow uses the fact that A µ (x) vanishes outside a bounded region. (This is not the case in general for A µ (x) which can diverge in the |x| → ∞ limit.) (ii) It leads to C p being replaced by a space C p of periodic spinor fields, thereby allowing the trace in (36) below to be evaluated in a "plane wave" basis. Substituting the expression for the Overlap-Dirac operator in (35) we find (cf. (8))
and the operator δ x is defined by ( δ x ψ)(y) = ψ(x)δ xy . The strategy now is to carry out a power series expansion of the inverse square root in (36) . A calculation gives
V is a linear combination of commutators of the ∇ ± µ 's. As pointed out in [10] , the norms of these commutators are bounded by max p ||1 − U (p)||. In the present case, this together with the expansion
show that
As in (17) we have a bound X * U X U ≥ b > 0 when a is sufficiently small; furthermore, due to (42) we can assume that ||V || ≤ b/2. Then from (38) we get a lower bound L U ≥ b/2 > 0 on the positive hermitian operator L U . It follows that L is invertible and ||L −1 V || < 1 when a is sufficiently small. The inverse square root in (36) can then be expanded as
Note that the γ-matrices in (43) are all contained in V . Since the trace of γ 5 times a product of less than 4 γ-matrices vanishes, the terms with k = 0 and k = 1 in (43) give vanishing contributions to (36) . On the other hand, by (42) the terms with k ≥ 3 are
(This is rigorously established in [27] using the presence of δ x in (36) together with the fact that A µ (x) has compact support.) Thus the only relevant contribution to (36) from the expansion (43) comes from the k = 2 term:
By making a power series expansion of 1/(L + σ 2 ) and using [L, V ] ∼ O(a) we find in [27] that, modulo an O(a) term, the contribution of (44) in (36) is the same as that of
We hereby see that (36) reduces to
Now, from (11) with A → A we see that the a-dependence of U enters through a product a A. It follows that (46) at the expense of another O(a) term. With the expressions (37) and (39) for X and L we find
The rigorous derivation of this in [27] again uses the fact that A µ (x) has compact support. The trace in (48) can now be evaluated using the "plane wave" orthonormal basis {φ k } for the lattice scalar fields with periodicity φ(x + (2p + 1)Le ν ) = φ(x) (i.e. the fields in the scalar version of C 2p+1 ), given by
Note that the volume per k is
Using the plane wave basis, the trace in (48) can now be evaluated as in [28, v4] , leading to
where the summation region for k is (50), ∆ 4 k is given by (51),
andÎ
and we have exploited the fact that A µ (x) = A µ (x) for x ∈ Γ. Changing summation variable from k tok = ak in (52) and taking the p → ∞ limit gives
The integral overk in this expression was evaluated in [28] , and independently in [29] , and was found to be 1. Recalling (32)- (33) we finally get
This completes the sketch of the proof of the theorem. The latter part of the derivation has similarities with, and was inspired by, the calculation of the classical continuum limit of the axial anomaly for Wilson-Dirac fermions done many years ago by W. Kerler [30] and E. Seiler and I. O. Stamatescu [31] . The Overlap-Dirac operator determines a lattice Dirac fermion actionψD U ψ [13] which has an exact symmetry under a new kind of lattice chiral transformations [17] . The corresponding axial anomaly (=the infinitesimal chiral jacobian) was found in [17] to be (in the flavour singlet case)
Its classical continuum limit was calculated in a perturbative setting in [32] and subsequently in a non-perturbative setting in [28, v1] , [18] , [29] . The perturbative setting was further studied in [33] . However, these calculations are all problematic in the case where the continuum gauge field A µ (x) is topologically non-trivial (e.g. A µ (x) does not have a well-defined Fourier expansion in this case.) This case is covered by the arguments above though: we have found that
in complete generality. As we have seen, the locality of the Overlap-Dirac operator (which was not used in the previous references) is a key ingredient in the derivation of this result.
The arguments and results above, which are for SU(N) gauge fields on the 4-torus, can be easily extended to U(1) fields on the 2-torus, thereby providing analytic verification of results from numerical studies in [12] where the fermionic topological charge and axial anomaly were seen to reduce to the correct continuum quantities for topologically nontrivial gauge fields in this setting.
III. Index of lattice Dirac operators and combinatorial approach to topological invariants
In this section a potential mathematical application of the ideas behind fermionic lattice topological charge to the construction of certain topological invariants of manifolds is discussed. Consider Kähler-Dirac spinor fields [34, 35] with the "spacetime" being an arbitrary smooth oriented riemannian 4-dimensional manifold M. In the continuum the fields are the differential forms on M , the space of which we denote by A discretisation of Kähler-Dirac theory can be obtained via a triangulation K of M [35] . In the discrete theory the fields are the cochains of K (=the functions on the oriented simplexes of K), the space of which we denote by The problem is reflected in the fact that there is no natural discretisation of * , and thereby of Γ 5 , in this setting. However, a natural discretisation is obtained after introducing K : the cell decomposition of M dual to K. We can then consider the doubled discretisation Ω(M) → C(K) ⊕ C( K) with
where * K p : C p (K) → C 4−p ( K) and * K q : C q ( K) → C 4−q (K) are the duality operators (see, e.g., [37] , where topological quantities were exactly reproduced in a similar discrete setting). The index of D K K can be seen to vanish though; this is essentially due to the fact that Γ . (In the usual lattice setting f (a) = 1/a.) One idea is to embed C(K) ⊕ C( K) into C(BK) where BK=the barycentric subdivision of K, and then try to construct W K K from the discrete Laplace operator ∆ BK on C(BK). Finally, we remark that after "twisting" by a flat gauge field A, the signature σ A (M) of a 4-manifold M with boundary N is closely related to the Atiyah-Patodi-Singer rho invariant ρ(N, α) of a 3-manifold N together with a representation α : π 1 (N) → O(n) [38] . A combinatorial construction of the signature invariant σ A (M) would in all likelihood lead to a combinatorial construction of the rho invariant as well.
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